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Dynare Model Framework
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E [fθ (yt−1, yt, yt+1, ut |Ωt)] = 0
us ∼ WN(0,Σu)

: discrete time set, typically  or 

:  endogenous variables (declared in  block)

:  exogenous variables (declared in  block)

: covariance matrix of invariant distribution of exogenous variables (declared in  
block)

:  model parameters (declared in  block)

:  model equations (declared in  block)

 is a continuous non-linear function indexed by a vector of parameters 

t, s ∈ 𝕋 ℕ ℤ

yt n var

ut nu varexo

Σu shocks

θ nθ parameters

f n model

fθ θ

3



: information set (filtration, i.e. )

 conditional expectation operator

‣ information set includes model equations , value of parameters , value 
of current state , value of current exogenous variables , invariant 
distribution (but not values!) of future exogenous variables 

‣  for all , 

‣ typically we use shorthand 

Ωt Ωt ⊆ Ωt+s ∀s ≥ 0

E[ ⋅ |Ωt] :

f θ
yt−1 ut

ut+s

Ωt = {f, θ, yt−1, ut, ut+s ∼ N(0,Σ)} t ∈ 𝕋 s > 0

Et

E [fθ (yt−1, yt, yt+1, ut |Ωt)] = 0
us ∼ WN(0,Σu)
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Et [f (yt−1, yt, yt+1, ut)] = 0

Dynare Model Framework
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Typology and Ordering 
of Variables
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Et [f (yt−1, yt, yt+1, ut)] = 0

Typology and Ordering of Variables

‣  denotes vector of all  endogenous variablesyt n
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Typology and Ordering of Variables

: appear only at , not at , not at 

: appear at , not at , possibly at 

: appear at , not at , possibly at 

: appear at  and , possibly at 

static t t − 1 t + 1

predetermined t − 1 t + 1 t

forward t + 1 t − 1 t

mixed t − 1 t + 1 t
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n = nstatic + npred+ nfwrd+ nboth



Typology and Ordering of Variables

 are the state variables: predetermined and mixed variables ( )

 are the jumper variables: mixed and forward variables ( )

y*t nspred

y**t nsfwrd
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Typology and Ordering of Variables

declaration order: as you declare in  block

decision-rule (DR) order: used for perturbation

        

var

yt =

static
predetermind

mixed
forward

y*t = (predetermind
mixed ) y**t = ( mixed

forward)
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Et [f (y*t−1, yt, y**t+1, ut)] = 0

Typology and Ordering of Variables
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Perturbation Approach

12



General Idea
first ingredient: perturbation parameter 

‣ scale  by a parameter :     

‣  is white noise with contemporaneous k-th order product moments:

‣ note that this implies 

‣  is called the perturbation parameter

‣ non-stochastic, i.e. static model: 

‣ stochastic, i.e. dynamic model: 

σ

ut σ ≥ 0 ut = σ ηt

ηt

Σ(k) = 𝔼{ηt ⊗ ηt ⊗ . . . ⊗ ηt

k times

}

Σ(k)
u = σk Σ(k)

η

σ

σ = 0

σ > 0
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General Idea

second ingredient: dynamic solution is defined via a policy function

‣ find an invariant mapping between  and :

‣  is called the policy-function or decision rule

‣  is unknown, i.e. we need to solve a functional equation

yt (y*t−1, ut)

yt = g(y*t−1, ut, σ)

g( ⋅ )

g( ⋅ )
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General Idea

third ingredient: implicit function theorem

implicitly defines

Et [f (y*t−1, yt, y**t+1, ut)] = 0

g(y*t−1, ut, σ)
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General Idea

fourth ingredient: Taylor approximation of order 

‣ compute the coefficients of a Taylor expansion of  from a 

Taylor expansion of 

‣ all evaluated at some known point; mostly non-stochastic steady-state 
(i.e. )

k

g(y*t−1, ut, σ)

Et [f (y*t−1, yt, y**t+1, ut)] = 0

σ = 0
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 , 

 , , 

, , 

,  , 

 denotes previous states

, , ,  denote non-stochastic steady-state

 denotes deviation from steady-state

u := ut u+ := ut+1

y0 := yt y*0 := y*t y**0 := y**t

y− := yt−1 y*− := y*t−1 y**− := y**t−1

y+ := yt+1 y*+ := y*t+1 y**+ := y**t+1

x := y*t−1

ȳ ȳ* ȳ** x̄

̂x := y*t−1 − ȳ*

Notation
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Notation
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y0 = g(x, u, σ) y*0 = g*(x, u, σ) y**0 = g**(x, u, σ)

y**+ = g**(y*0 , u+, σ) = g**(g*(x, u, σ), u+, σ) ≡ G(x, u, u+, σ)



Notation

dynamic model in terms of , ,  and :

   

                               

                               

x u u+ σ

19

f (y*−, y0, y**+ , u) = f (x, g(x, u, σ), g**(g*(x, u, σ), u+, σ), u)
= f (x, g(x, u, σ), G(x, u, σ, u+), ut)
≡ F(x, u, u+, σ)



Notation
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r :=
x
u
u+
σ

[input vector for  and ]F G

[input vector for ]g**

[input vector for  ]f

w(r) :=
y*0
u+
σ

z(r) :=

y*−
y0

y**+
u

= (
g*(x, u, σ)

u+
σ )

=

x
g(x, u, σ)

G(x, u, u+, σ)
u

=

x
g(x, u, σ)

g**(g*(x, u, σ), u+, σ)
u



Objective
we know how to solve for the non-stochastic ( ) steady-state  by solving 
the static model:

which provides us with the non-stochastic steady-state for ,  and 

even though we do not know  explicitly, we do know its value at ,  
and :

   and   

σ = 0 ȳ

f̄(ȳ) ≡ f(ȳ*, ȳ, ȳ**,0) = F(ȳ*,0,0,0) = 0

ȳ ȳ* ȳ**

g( ⋅ ) ȳ ȳ*
ȳ**

ȳ* = g*(ȳ*,0,0) ȳ = g(ȳ*,0,0)
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Objective
use a -order Taylor expansion of  to recover the coefficients of the -order 
Taylor expansion of :

k f k
g

y = ȳ + gx ̂x + guu + gσσ

+
1
2

gxx( ̂x ⊗ ̂x) +
2
2

gxu( ̂x ⊗ u) +
2
2

gxσ( ̂x ⊗ σ) +
1
2

guu(u ⊗ u) +
2
2

guσ(u ⊗ σ) +
1
2

gσσσ2

+
1
6

gxxx( ̂x ⊗ ̂x ⊗ ̂x) +
3
6

gxxu( ̂x ⊗ ̂x ⊗ u) +
3
6

gxxσ( ̂x ⊗ ̂x)σ +
3
6

gxuu( ̂x ⊗ u ⊗ u) +
6
6

gxuσ( ̂x ⊗ u)σ +
3
6

gxσσ ̂xσ2 +
1
6

guuu(u ⊗ u ⊗ u) +
3
6

guuσ(u ⊗ u⊗)σ +
3
6

guσσuσ2 +
1
6

gσσσσ3

+
1
24

. . .
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Objective

find the coefficients of the k-order Taylor expansion of :

where  and 

all evaluated at some known point, mostly the non-stochastic steady-state

g

gxqupσk−q−p :=
∂kg(x̄,0,0)

∂x . . . ∂x
q times

⋅ ∂u . . . ∂u
p times

⋅ ∂σ . . . ∂σ
k−q−p times

0 ≤ p, q ≤ k 0 ≤ p + q ≤ k
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Underlying Assumption

‣  and  are sufficiently differentiable so that the implicit function theorem (or its 
Banach space generalization) applies.

‣ for  this assumption is easily checked

‣ for  we typically can only ASSUME that  behaves similarly to  
(logical and credible, but not a formal proof)

f g

f

g g f

24



Matrix vs Tensor Notation
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higher-order perturbation

‣ based on multivariate version of implicit function theorem

‣ requires use of multidimensional chain rules 

‣ many summation operators

‣ conventional matrix notation becomes unwieldy at  (unless you know what 
you're doing)

‣ tensor notation and Einstein summation notation is more concise (but requires 
getting used to)

k > 2

Matrix vs Tensor Notation
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‣ a tensor  is a multidimensional array, i.e. a collection of numbers, 
where we use indices , to access the elements in 
the array

‣ formally, it is defined as a mapping

 

which assigns the real-valued entry  to each index 
 as function value

𝒜
αj ∈ [1,...,nj],1 ≤ j ≤ d

𝒜 : {1,...,n1} × {1,...,n2} × . . . × {1,...,nd} → ℝ
(α1, α2, . . . , αd) ↦ [𝒜]α1,α2,...,αd

[𝒜]α1,α2,...,αd

(α1, α2, . . . , αd)

Tensor Notation
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Einstein summation notation allows to compactly express terms in a 
multivariate Taylor series expansion

‣ eliminates the summation symbols by making different use of the 
location of indices

‣ same index used first as subscript and then as superscript of two 
tensors implies summation of the products

Einstein Summation Notation
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Examples
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example for 1-dimensional tensors  (of size ) and  (of size ):𝒜 n ℬ n

[𝒜]α1
[ℬ]α1 =

n

∑
α1=1

[𝒜]α1
[ℬ]α1

Einstein Summation Notation
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example for 1-dimensional tensors  (of size ) and  (of size ), and 2-
dimensional tensor  (of size ):

𝒜 n ℬ m
𝒟 n × m

[𝒟]α1α2
[𝒜]α1[ℬ]α2 =

n

∑
α1=1

m

∑
α2=1

[𝒟]α1α2
[𝒜]α1

[ℬ]α2

Einstein Summation Notation
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example for 2-dimensional tensors  (of size ) and  (of size ):𝒟 n × m ℰ n × m

[𝒟]α1α2
[ℰ]α1α2 =

n

∑
α1=1

m

∑
α2=1

[𝒟]α1α2
[ℰ]α1α2

Einstein Summation Notation
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example for 1-dimensional tensors  (of size ),  (of size ) and  (of size 
), 3-dimensional tensor  (of size ):

𝒜 n ℬ m 𝒞
o ℱ n × m × o

[ℱ]α1α2,α3
[𝒜]α1[ℬ]α2[𝒞]α3 =

n

∑
α1=1

m

∑
α2=1

o

∑
α3=1

[ℱ]α1α2α3
[𝒜]α1

[ℬ]α2
[𝒞]α3

Einstein Summation Notation
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example for 1-dimensional tensor  (of size ), 2-dimensional tensor  (of 
size ) and 3-dimensional tensor  (of size ):

𝒜 n 𝒟
m × o ℱ n × m × o

[ℱ]α1α2,α3
[𝒜]α1[𝒟]α2α3 =

n

∑
α1=1

m

∑
α2=1

o

∑
α3=1

[ℱ]α1α2α3
[𝒜]α1

[𝒟]α2α3

Einstein Summation Notation
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Faà di Bruno's Formula

35



‣ identity in mathematics generalizing the chain rule to higher derivatives

‣ in Einstein summation notation:

‣ indices are compressed into bold vectors ,  and 

[Frk]i
τk

:=
∂k [F]i

∂[r]τ1
∂[r]τ2

⋯∂[r]τk

=
k

∑
l=1

[ fzl]i
γl ∑

c∈ℳl,k

l

∏
m=1

[zr|cm|]γm
τ(cm)

[Grk]ι
τk

:=
∂k [G]ι

∂[r]τ1
∂[r]τ2

⋯∂[r]τk

=
k

∑
l=1

[g**wl ]ι
ϕl ∑

c∈ℳl,k

l

∏
m=1

[wr|cm|]ϕm
τ(cm)

τk := τ1, . . . , τk γl := γ1, . . . , γl
ϕl := ϕ1, . . . , ϕl

Faà di Bruno's Formula
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let  denote the i-th dynamic model equation, then  is the k-th partial 
derivative of equation i with respect to variables in r selected by integers , 
where  is the -th element of 

[F]i [Frk]i
τk

τk
[r]τj

τj r

[Frk]i
τk

:=
∂k [F]i

∂[r]τ1
∂[r]τ2

⋯∂[r]τk

=
k

∑
l=1

[ fzl]i
γl ∑

c∈ℳl,k

l

∏
m=1

[zr|cm|]γm
τ(cm)
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let  denote the -th dynamic model equation, then  is the -th partial 
derivative of equation  with respect to dynamic variables  indexed by 
integers , where  is the -th element of : 

[f]i
i [ fzl]i

γl
l

i z
γl [z]γj

γj z

[fzl]i
γl

:=
∂l [f]i

∂[z]γ1
∂[z]γ2

⋯∂[z]γl

[Frk]i
τk

:=
∂k [F]i

∂[r]τ1
∂[r]τ2

⋯∂[r]τk

=
k

∑
l=1

[ fzl]i
γl ∑

c∈ℳl,k

l

∏
m=1

[zr|cm|]γm
τ(cm)
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let  denote the -th dynamic model variable, then  is the -th 
partial derivative of  with respect to variables in  indexed by integers 

[z]γm
γm [zr|cm|]γm

τ(cm) |cm |
[z]γm

r τ(cm)

[zr|cm|]γm
τ(cm) :=

∂|cm| [z]γm

∂[r]τ(c1)∂[r]τ(c2)⋯∂[r]τ(cm)

[Frk]i
τk

:=
∂k [F]i

∂[r]τ1
∂[r]τ2

⋯∂[r]τk

=
k

∑
l=1

[ fzl]i
γl ∑

c∈ℳl,k

l

∏
m=1

[zr|cm|]γm
τ(cm)
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combinatorics

‣  is a so-called equivalence set (or Bell polynomial), which is defined as the set of all partitions  
of the set of  indices with  classes

‣  is the -th class of partition ,  its cardinality, and  is a sequence of 's indexed by 

‣ note: selection of  ignores indices in  when they correspond to the perturbation parameter 

example: 

ℳl,k c
k l

cm m c |cm | τ(cm) τ cm

τ(cm) cm σ

ℳ2,3 = {
c1⏞

{1}
c2⏞

{2,3}}

c

{
c1⏞

{2}
c2⏞

{1,3}}

c

, {
c1⏞

{3}
c2⏞

{1,2}}

c

,

[Frk]i
τk

:=
∂k [F]i

∂[r]τ1
∂[r]τ2

⋯∂[r]τk

=
k

∑
l=1

[ fzl]i
γl ∑

c∈ℳl,k

l

∏
m=1

[zr|cm|]γm
τ(cm)
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Examples
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first-order derivative of equation  with respect to the -th state variable:

with 

i α1

[Fx]
i
α1

= [ fz]
i
γ1

[zx]
γ1
α1

=
nz

∑
γ1=1

∂[ f ]i

∂[z]γ1

∂[z]γ1

∂[x]α1

ℳ1,1 =
c1⏞

{1}
⏟

c

[Frk]i
τk

:=
∂k [F]i

∂[r]τ1
∂[r]τ2

⋯∂[r]τk

=
k

∑
l=1

[ fzl]i
γl ∑

c∈ℳl,k

l

∏
m=1

[zr|cm|]γm
τ(cm)
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second-order derivative of equation  with respect to the -th state variable and to 
the -th current shock variable:

              

with , 

i α1
β1

[Fxu]
i
α1β1

= [ fz]
i
γ1

[zxu]
γ1
α1β1

+ [ fzz]
i
γ1γ2

[zx]
γ1
α1

[zu]
γ2
β1

=
nz

∑
γ1=1

∂[ f ]i

∂[z]γ1

∂2[z]γ1

∂[x]α1
∂[u]β1

+
nz

∑
γ1=1

nz

∑
γ2=1

∂2[ f ]i

∂[z]γ1
∂[z]γ2

∂[z]γ1

∂[x]α1

∂[z]γ2

∂[u]β1

ℳ1,2 =
c1⏞

{1,2}

c

ℳ2,2 =
c1⏞

{1},
c2⏞

{2}

c

[Frk]i
τk

:=
∂k [F]i

∂[r]τ1
∂[r]τ2

⋯∂[r]τk

=
k

∑
l=1

[ fzl]i
γl ∑

c∈ℳl,k

l

∏
m=1

[zr|cm|]γm
τ(cm)
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third-order derivative of equation  with respect to the -th and -th state variables and to the -th current shock variable:

                  

                            

                                           

with , , 

i α1 α2 β1

[Fxxu]
i
α1α2β1

= [ fz]
i
γ1

[zxxu]
γ1
α1α2β1

+[ fzz]
i
γ1γ2 ([zx]

γ1
α1

[zxu]
γ2
α2β1

+ [zx]
γ1
α2

[zxu]
γ2
α1β1

+ [zu]
γ1
β1

[zxx]
γ2
α1α2)+[ fzzz]

i
γ1γ2γ3

[zx]
γ1
α1

[zx]
γ2
α2

[zu]
γ3
β1

=
nz

∑
γ1=1

∂[ f ]i

∂[z]γ1

∂3[z]γ1

∂[x]α1
∂[x]α2

∂[u]β1

+
nz

∑
γ1=1

nz

∑
γ2=1

∂2[ f ]i

∂[z]γ1
∂[z]γ2

(
∂[z]γ1

∂[x]α1

∂2[z]γ2

∂[x]α2
∂[u]β1

+
∂[z]γ1

∂[x]α2

∂2[z]γ2

∂[x]α1
∂[u]β1

+
∂[z]γ1

∂[u]β1

∂2[z]γ2

∂[x]α1
∂[x]α2

)
+

nz

∑
γ1=1

nz

∑
γ2=1

nz

∑
γ3=1

∂3[ f ]i

∂[z]γ1
∂[z]γ2

∂[z]γ3

∂[z]γ1

∂[x]α1

∂[z]γ2

∂[x]α2

∂[z]γ3

∂[u]β1

ℳ1,3 =
c1

{1,2,3}

c

ℳ2,3 = {
c1⏞

{1}
c2⏞

{2,3}}

c

{
c1⏞

{2}
c2⏞

{1,3}}

c

, {
c1⏞

{3}
c2⏞

{1,2}}

c

, ℳ3,3 =
c1⏞

{1},
c2⏞

{2},
c3⏞

{3}

c

[Frk]i
τk

:=
∂k [F]i

∂[r]τ1
∂[r]τ2

⋯∂[r]τk

=
k

∑
l=1

[ fzl]i
γl ∑

c∈ℳl,k

l

∏
m=1

[zr|cm|]γm
τ(cm)

44



third-order derivative of equation  with respect to the -th state variable and to the -th and -th current shock variables:

                  

                              

                                               

with , , 

i α1 β1 β2

[Fxuu]
i
α1β1β2

= [ fz]
i
γ1

[zxuu]
γ1
α1β1β2

+[ fzz]
i
γ1γ2 ([zx]

γ1
α1

[zuu]
γ2
β1β2

+ [zu]
γ1
β1

[zxu]
γ2
α1β2

+ [zu]
γ1
β2

[zxu]
γ2
α1β1)+[ fzzz]

i
γ1γ2γ3

[zx]
γ1
α1

[zu]
γ2
β1

[zu]
γ3
β2

=
nz

∑
γ1=1

∂[ f ]i

∂[z]γ1

∂3[z]γ1

∂[x]α1
∂[u]β1

∂[u]β2

+
nz

∑
γ1=1

nz

∑
γ2=1

∂2[ f ]i

∂[z]γ1
∂[z]γ2

(
∂[z]γ1

∂[x]α1

∂2[z]γ2

∂[u]β1
∂[u]β2

+
∂[z]γ1

∂[u]β1

∂2[z]γ2

∂[x]α1
∂[u]β2

+
∂[z]γ1

∂[u]β2

∂2[z]γ2

∂[x]α1
∂[u]β1

)
+

nz

∑
γ1=1

nz

∑
γ2=1

nz

∑
γ3=1

∂3[ f ]i

∂[z]γ1
∂[z]γ2

∂[z]γ3

∂[z]γ1

∂[x]α1

∂[z]γ2

∂[u]β1

∂[z]γ3

∂[u]β2

ℳ1,3 =
c1

{1,2,3}

c

ℳ2,3 = {
c1⏞

{1}
c2⏞

{2,3}}

c

{
c1⏞

{2}
c2⏞

{1,3}}

c

, {
c1⏞

{3}
c2⏞

{1,2}}

c

, ℳ3,3 =
c1⏞

{1},
c2⏞

{2},
c3⏞

{3}

c

[Frk]i
τk

:=
∂k [F]i

∂[r]τ1
∂[r]τ2

⋯∂[r]τk

=
k

∑
l=1

[ fzl]i
γl ∑

c∈ℳl,k

l

∏
m=1

[zr|cm|]γm
τ(cm)
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third-order derivative of equation  with respect to the -th state, to the -th current shock and to the -th future shock variables:

                   

                             

                                            

with , , 

i α1 β1 δ1

[Fxuu+
]i
α1β1δ1

= [ fz]
i
γ1

[zxuu+
]γ1
α1β1δ1

+[ fzz]
i
γ1γ2 ([zx]

γ1
α1

[zuu+
]γ2
β1δ1

+ [zu]
γ1
β1

[zxu+
]γ2
α1δ1

+ [zu+
]γ1
δ1

[zxu]
γ2
α1β1)+[ fzzz]

i
γ1γ2γ3

[zx]
γ1
α1

[zu]
γ2
β1

[zu+
]γ3
δ1

=
nz

∑
γ1=1

∂[ f ]i

∂[z]γ1

∂3[z]γ1

∂[x]α1
∂[u]β1

∂[u+]δ1

+
nz

∑
γ1=1

nz

∑
γ2=1

∂2[ f ]i

∂[z]γ1
∂[z]γ2

(
∂[z]γ1

∂[x]α1

∂2[z]γ2

∂[u]β1
∂[u+]δ1

+
∂[z]γ1

∂[u]β1

∂2[z]γ2

∂[x]α1
∂[u+]δ1

+
∂[z]γ1

∂[u+]δ1

∂2[z]γ2

∂[x]α1
∂[u]β1

)
+

nz

∑
γ1=1

nz

∑
γ2=1

nz

∑
γ3=1

∂3[ f ]i

∂[z]γ1
∂[z]γ2

∂[z]γ3

∂[z]γ1

∂[x]α1

∂[z]γ2

∂[u]β1

∂[z]γ3

∂[u+]δ1

ℳ1,3 =
c1

{1,2,3}

c

ℳ2,3 = {
c1⏞

{1}
c2⏞

{2,3}}

c

{
c1⏞

{2}
c2⏞

{1,3}}

c

, {
c1⏞

{3}
c2⏞

{1,2}}

c

, ℳ3,3 =
c1⏞

{1},
c2⏞

{2},
c3⏞

{3}

c

[Frk]i
τk

:=
∂k [F]i

∂[r]τ1
∂[r]τ2

⋯∂[r]τk

=
k

∑
l=1

[ fzl]i
γl ∑

c∈ℳl,k

l

∏
m=1

[zr|cm|]γm
τ(cm)
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third-order derivative of equation  with respect to the -th state and to two times the perturbation parameter:

  

             

                         

                                          

with , , 

Note that the selection of  ignores indices in  when they correspond to the perturbation parameter .

i α1

[Fxσσ]i
α1

= [ fz]
i
γ1

[zxσσ]γ1
α1

+[ fzz]
i
γ1γ2 ([zxσ]γ1

α1
[zσ]γ2 + [zxσ]γ1

α1
[zσ]γ2 + [zx]

γ1
α1

[zσσ]γ2) +[ fzzz]
i
γ1γ2γ3

[zx]
γ1
α1

[zσ]γ2[zσ]γ3

=
nz

∑
γ1=1

∂[ f ]i

∂[z]γ1

∂3[z]γ1

∂[x]α1
∂σ∂σ

+
nz

∑
γ1=1

nz

∑
γ2=1

∂2[ f ]i

∂[z]γ1
∂[z]γ2

(
∂2[z]γ1

∂[x]α1
∂σ

∂[z]γ2

∂σ
+

∂2[z]γ1

∂[x]α1
∂σ

∂[z]γ2

∂σ
+

∂[z]γ1

∂[x]α1

∂2[z]γ2

∂σ∂σ )
+

nz

∑
γ1=1

nz

∑
γ2=1

nz

∑
γ3=1

∂3[ f ]i

∂[z]γ1
∂[z]γ2

∂[z]γ3

∂[z]γ1

∂[x]α1

∂[z]γ2

∂σ

∂[z]γ3

∂σ

ℳ1,3 =
c1

{1,2,3}

c

ℳ2,3 = {
c1⏞

{1}
c2⏞

{2,3}}

c

{
c1⏞

{2}
c2⏞

{1,3}}

c

, {
c1⏞

{3}
c2⏞

{1,2}}

c

, ℳ3,3 =
c1⏞

{1},
c2⏞

{2},
c3⏞

{3}

c

τ(cm) cm σ

[Frk]i
τk

:=
∂k [F]i

∂[r]τ1
∂[r]τ2

⋯∂[r]τk

=
k

∑
l=1

[ fzl]i
γl ∑

c∈ℳl,k

l

∏
m=1

[zr|cm|]γm
τ(cm)
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Tensor Unfolding
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‣ we can also express all tensors  by a matrix 

‣ idea is to map a multidimensional tensor to 2-dimensional matrix

‣ rows correspond to model equations , columns correspond to specific ordering of individual tensors

‣ natural approach for columns: let all  indices run from 1 to  and store computed values sequentially in rows and 
columns

‣ example column ordering for  and :

(1,1,1); (1,1,2); (1,1,3); (1,2,1); (1,2,2); (1,2,3); (1,3,1); (1,3,2); (1,3,3);... 
 (2,1,1); (2,1,2); (2,1,3); (2,2,1); (2,2,2); (2,2,3); (2,3,1); (2,3,2); (2,3,3);... 
 (3,1,1); (3,1,2); (3,1,3); (3,2,1); (3,2,2); (3,2,3); (3,3,1); (3,3,2); (3,3,3);...

‣  would be the 5th row and 20th column of matrix 

[Frk]i
τk

Frk

i

τk nr

k = 3 nr = 3

∂3 [F]5

∂[r]3∂[r]1∂[r]2
Frk

Tensor Unfolding
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‣ running loops for unfolding is computational inefficient, alternative: 

‣ basic matrix multiplication rules

‣ Kronecker products

‣ permutation matrices which perform the necessary reordering such 
that tensor summations are in accordance with matrix multiplications

‣ Dynare uses a dedicated and quite efficient Multidimensional Tensor 
Library written in C++ for  k > 2

Tensor Unfolding
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Examples
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‣ basic matrix multiplication rules for matrix  and vector 

[Fx]
i
α1

= [ fz]
i
γ1

[zx]
γ1
α1

Fx = fzzx

fz zx

Tensor Unfolding [Fx]i
α1
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‣ Kronecker product  unfolds  correctly, because it has 
required -ordering

‣ basic matrix multiplication rules as both  and  are vectors 

[Fxu]
i
α1β1

= [ fz]
i
γ1

[zxu]
γ1
α1β1

+ [ fzz]
i
γ1γ2

[zx]
γ1
α1

[zu]
γ2
β1

Fxu = fzzxu + fzz (zx ⊗ zu)
(zx ⊗ zu) [zx]

γ1
α1

[zu]
γ2
β1

(α1, β1)

zxu (zx ⊗ zu)

Tensor Unfolding [Fxu]i
α1β1
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[Fxxu]
i
α1α2β1

= [ fz]
i
γ1

[zxxu]
γ1
α1α2β1

+[ fzz]
i
γ1γ2 ([zx]

γ1
α1

[zxu]
γ2
α2β1

+ [zx]
γ1
α2

[zxu]
γ2
α1β1

+ [zu]
γ1
β1

[zxx]
γ2
α1α2)

+[ fzzz]
i
γ1γ2γ3

[zx]
γ1
α1

[zx]
γ2
α2

[zu]
γ3
β1

Fxxu = fzzxxu + fzz ((zx ⊗ zxu) P2
x_xu + (zxx ⊗ zu)) + fzzz (zx ⊗ zx ⊗ zu)

Tensor Unfolding [Fxxu]i
α1α2β1
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‣ red tensor terms contain same values but are summed in different ordering

‣  is consistent with -ordering, can be unfolded by

 

‣  is not consistent with -ordering, can be unfolded by

‣  is a permuted identity matrix

‣

[zx]
γ1
α1

[zxu]
γ2
α2β1

(α1, α2, β1)

(zx ⊗ zxu)
[zx]

γ1
α2

[zxu]
γ2
α1β1

(α1, α2, β1)

(zx ⊗ zxu) Px_xu

Px_xu

P2
x_xu = I + Px_xu

Tensor Unfolding [Fxxu]i
α1α2β1
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‣ green tensor is not consistent with -ordering, but

‣ due to symmetry  =  

‣ which is consistent with -ordering

‣ can be unfolded by 

(α1, α2, β1)

[ fzz]i
γ1γ2

[zu]
γ1
β1

[zxx]
γ2
α1α2

[ fzz]i
γ1γ2

[zxx]
γ1
α1α2

[zu]
γ2
β1

(α1, α2, β1)

fzz(zxx ⊗ zu)

Tensor Unfolding [Fxxu]i
α1α2β1
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[Fxuu]
i
α1β1β2

= [ fz]
i
γ1

[zxuu]
γ1
α1β1β2

+[ fzz]
i
γ1γ2 ([zx]

γ1
α1

[zuu]
γ2
β1β2

+ [zu]
γ1
β1

[zxu]
γ2
α1β2

+ [zu]
γ1
β2

[zxu]
γ2
α1β1)

+[ fzzz]
i
γ1γ2γ3

[zx]
γ1
α1

[zu]
γ2
β1

[zu]
γ3
β2

Fxuu = fzzxxu + fzz ((zx ⊗ zuu)+(zxu ⊗ zu) P2
xu_u) + fzzz (zx ⊗ zu ⊗ zu)

Tensor Unfolding [Fxuu]i
α1β1β2
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‣ green tensor is consistent with -ordering can be unfolded by (α1, β1, β2) fzz(zx ⊗ zuu)

Tensor Unfolding [Fxuu]i
α1β1β2
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‣ red tensor terms contain same values but are summed in different ordering

‣  is not consistent with -ordering, but due to symmetry of , it 

can be unfolded by

‣  is not consistent with -ordering, but due to symmetry of , it 

can be unfolded by

 

‣  is a permuted identity matrix

‣

[zu]
γ1
β2

[zxu]
γ2
α1β1

(α1, α2, β1) [ fzz]
i
γ1γ2

= [ fzz]
i
γ2γ1

(zxu ⊗ zu)
[zu]

γ1
β1

[zxu]
γ2
α1β2

(α1, β1, β2) [ fzz]
i
γ1γ2

= [ fzz]
i
γ2γ1

(zxu ⊗ zu) Pxu_u

Pxu_u

P2
xu_u = I + Pxu_u

Tensor Unfolding [Fxuu]i
α1β1β2
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[Fxuu+
]i
α1β1δ1

= [ fz]
i
γ1

[zxuu+
]γ1
α1β1δ1

+[ fzz]
i
γ1γ2 ([zx]

γ1
α1

[zuu+
]γ2
β1δ1

+ [zu]
γ1
β1

[zxu+
]γ2
α1δ1

+ [zu+
]γ1
δ1

[zxu]
γ2
α1β1)

+[ fzzz]
i
γ1γ2γ3

[zx]
γ1
α1

[zu]
γ2
β1

[zu+
]γ3
δ1

Fxuu+
= fzzxuu+

+ fzz ((zx ⊗ zuu+) + (zxu+
⊗ zu) P1

xu+_u + (zxu ⊗ zu+)) + fzzz (zx ⊗ zu ⊗ zu+)

Tensor Unfolding [Fxuu+
]i
α1β1δ1
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‣ red tensor is consistent with -ordering can be unfolded by 

‣ green tensor is not consistent with -ordering, but

‣ due to symmetry of  ,  can be unfolded by 

‣ blue tensor is not consistent with -ordering, but

‣ due to symmetry of  ,  can be unfolded by 

(α1, β1, δ1) (zx ⊗ zuu+
)

(α1, β1, δ1)

[ fzz]i
γ1γ2

[zxu+
]γ1
α1δ1

[zu]
γ2
β1

(zxu+
⊗ zu)P1

xu+_u

(α1, β1, δ1)

[ fzz]i
γ1γ2

[zxu]
γ1
α1β1

[zu+
]γ2
δ1

(zxu ⊗ zu+
)

Tensor Unfolding [Fxuu+
]i
α1β1δ1
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[Fuσσ]i
β1

= [ fz]
i
γ1

[zuσσ]γ1
β1

+[ fzz]
i
γ1γ2 ([zu]

γ1
β1

[zσσ]γ2 + [zσ]γ1[zuσ]γ2
β1

+ [zσ]γ1[zuσ]γ2
β1)

+[ fzzz]
i
γ1γ2γ3

[zu]
γ1
β1

[zσ]γ2[zσ]γ3

Fuσσ = fzzuσσ + fzz ((zu ⊗ zσσ) + (zuσ ⊗ zσ) P2
uσ_σ) + fzzz (zu ⊗ zσ ⊗ zσ)

Tensor Unfolding [Fuσσ]i
β1
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‣ red tensor is consistent with -ordering can be unfolded by 

‣ green tensor is just a product of vectors, we could simply use Kronecker product, but 
to keep in the flow of the algorithm:

‣ due to symmetry of  ,  can be unfolded by 

‣  

(β1) (zu ⊗ zσσ)

[ fzz]i
γ1γ2

[zuσ]γ1
β1

[zσ]γ2 (zuσ ⊗ zσ)Puσ_σ

P2
uσ_σ = Puσ_σ + Puσ_σ = 2

Tensor Unfolding [Fuσσ]i
β1

63



Perturbation Approximation
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Algorithm
objective is to find the coefficients of the k-order Taylor expansion of :

where  and 

algorithm is recursive:

• find all coefficients for , then find all coefficients for , then find all 
coefficients for , ...

g

gxqupσk−q−p :=
∂kg(x̄,0,0)

∂x . . . ∂x
q times

⋅ ∂u . . . ∂u
p times

⋅ ∂σ . . . ∂σ
k−q−p times

0 ≤ p, q ≤ k 0 ≤ p + q ≤ k

k = 1 k = 2
k = 3
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First-order Approximation
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‣ first-order Taylor expansion of the -th equation of  around  
is in tensor notation:

‣ taking conditional expectation and setting it to zero yields:

‣ note that  and  is the  entry of 

i F r̄ = (x̄,0,0,0)

[F(r)]i ≈ [F(r̄)]i + [Fx]
i
α1

[ ̂x]α1 + [Fu]
i
β1

[u]β1 + [Fσ]iσ + [Fu+
]i
δ1

[u+]δ1

0 = [F(r̄)]i + [Fx]
i
α1

[ ̂x]α1 + [Fu]
i
β1

[u]β1 + ([Fσ]i + [Fu+
]i
δ1

[Σ(1)]δ1) σ

[F(r̄)]i = 0 [Σ(1)]δ1 δ1 Σ(1) = Et{ηt+1}

First-order Approximation
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‣ this equation needs to be satisfied for any value of ,  and 

‣ necessary and sufficient conditions to recover the first-order partial 
derivatives of  with respect to ,  and  can be retrieved from:

0 = [Fx]
i
α1

[ ̂x]α1 + [Fu]
i
β1

[u]β1 + ([Fσ]i + [Fu+
]i
δ1

[Σ(1)]δ1) σ

̂x u σ

g x u σ

[Fx]i
α1

= 0, [Fu]i
β1

= 0, [Fσ]i + [Fu+]
i

δ1
[Σ(1)]δ1 = 0

First-order Approximation
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computation is done in sequence:

‣ recover 

‣ recover 

‣ recover 

[Fx]i
α1

= 0, [Fu]i
β1

= 0, [Fσ]i + [Fu+]
i

δ1
[Σ(1)]δ1 = 0

gx

gu

gσ

First-order Approximation
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First-order Approximation
Recovering gx
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Reminder

71

r :=
x
u
u+
σ

[input vector for  and ]F G

[input vector for ]g**

[input vector for  ]f

w(r) :=
y*0
u+
σ

z(r) :=

y*−
y

y**+
u

= (
g*(x, u, σ)

u+
σ )

=

x
g(x, u, σ)

G(x, u, u+, σ)
u

=

x
g(x, u, σ)

g**(g*(x, u, σ), u+, σ)
u



Tensors

[wx]α1
=

[g*x ]α1

0
0

[Gx]
ι
α1

= [g**w ]ι
ϕ1

[wx]
ϕ1
α1

= [g**x ]ι
ρ1

[g*x ]ρ1
α1

[zx]α1
=

[Ix]α1

[gx]α1

[Gx]α1

0

[Fx]
i
α1

= [ fz]
i
γ1

[zx]
γ1
α1

Recovering gx

72

Matrix

wx =
g*x
0
0

Gx = g**w wx = g**x g*x

zx =

Ix
gx

Gx

0

Fx = fzzx



where ,  and  are the first partial derivatives of equation  
of  with respect to ,  and , respectively.

Tensor Unfolding yields the corresponding matrix representation:

[Fx]
i
α1

= [ fz]
i
γ1

[zx]
γ1
α1

= [ fy*−]i
α1

+ [ fy0
]i
ρ0

1
[gx]

ρ0
1

α1
+ [ fy**+

]i
ρ+

1
[g**x ]ρ+

1
ρ1

[g*x ]ρ1
α1

= 0

[ fy*−]i
α1

[ fy0
]i
ρ0

1
[ fy**+

]i
ρ+

1
i

f [y*t−1]α1
[yt]ρ0

1
[y**t+1]ρ+

1

Fx = fzzx = fy*− + fy0
gx + fy**+

g**x g*x = 0

Recovering gx
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this is a quadratic matrix equation, solving it is equivalent to finding a 
solution to linearized rational expectations models for which different 
algorithms have been proposed. 

Dynare uses algorithm outlined in Villemot (2011), see other presentation.

[Fx]
i
α1

= [ fz]
i
γ1

[zx]
γ1
α1

= [ fy*−]i
α1

+ [ fy0
]i
ρ0

1
[gx]

ρ0
1

α1
+ [ fy**+

]i
ρ+

1
[g**x ]ρ+

1
ρ1

[g*x ]ρ1
α1

= 0

Fx = fzzx = fy*− + fy0
gx + fy**+

g**x g*x = 0

Recovering gx
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Perturbation Matrices

important auxiliary perturbation matrices:

A = fy0
+ ( 0

⏟
n×nstatic

⋮ fy**+
g**x

n×nspred

⋮ 0
⏟

n×nfwrd )
B = (

0
⏟

n×nstatic

⋮ 0
⏟

n×npred

⋮ fy**+⏟
n×nsfwrd )
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First-order Approximation
Recovering gu
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Tensors

[wu]β1
=

[g*u ]β1

0
0

[Gu]
ι
β1

= [g**w ]ι
ϕ1

[wu]
ϕ1
β1

= [g**x ]ι
ρ1

[g*u ]ρ1
β1

[zu]β1
=

0
[gu]β1

[Gu]β1

[Iu]β1

[Fu]
i
β1

= [ fz]
i
γ1

[zu]
γ1
β1

Recovering gu
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Matrix

wu =
g*u
0
0

Gu = g**w wu = g**x g*u

zu =

0
gu

Gu

Iu

Fu = fzzu



where  is the first partial derivative of equation  of  with respect to .

Tensor Unfolding yields the corresponding matrix representation:

taking the inverse of A yields :

[Fu]
i
β1

= [ fz]
i
γ1

[zu]
γ1
β1

= [ fy0
]i
ρ0

1
[gu]

ρ0
1

β1
+ [ fy**+

]i
ρ+

1
[g**x ]ρ+

1
ρ1

[g*u ]ρ1
β1

+ [ fu]
i
β1

= 0

[ fu]i
β1

i f [u]β1

Fu = fzzu = fy0
gu + fy**+

g**x g*u + fu = Agu + fu = 0

gu

gu = − A−1fu

Recovering gu
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First-order Approximation
Recovering gσ

79



Tensors

, 

, 

[wu+
]
δ1

=
0

[Iu]δ1

0
[wσ] =

[g*σ ]
0
1

[Gu+
]ι
δ1

= [g**w ]ι
ϕ1

[wu+
]ϕ1
δ1

= [g**u ]ι
ψ1

[Iu]
ψ1
δ1

[Gσ]ι = [g**w ]ι
ϕ1

[wσ]ϕ1
α1

= [g**x ]ι
ρ1

[g*σ ]ρ1 + [g**σ ]ι

[zu+
]
δ1

=

0
0

[Gu+
]
δ1

0

[zσ] =

0
[gσ]
[Gσ]

0

[Fu+
]i
δ1

= [ fz]
i
γ1

[zu+
]γ1
δ1

[Fσ]i = [ fz]
i
γ1

[zσ]γ1

Recovering gσ

80

Matrix

, 

, 

wu+
=

0
Iu

0
wσ =

g*σ
0
1

Gu+
= g**w wu+

= g**u

Gσ = g**w wσ = g**x g*σ + g**σ

zu+
=

0
0

Gu+

0

zσ =

0
gσ

Gσ

0

Fu+
= fzzu+

Fσ = fzzσ



Tensor Unfolding yields the corresponding matrix representation:

taking the inverse of  yields

because the first moment  is zero by assumption, we get: 

0 = [Fσ]i + [Fu+
]i
δ1

[Σ(1)]δ1 = [ fz]i
γ1

[zσ]γ1 + [ fz]i
γ1

[zu+
]γ1
δ1

[Σ(1)]δ1

0 = [ fy0
]i
ρ0

1
[gσ]ρ0

1 + [ fy**+
]i
ρ+

1 ([g**x ]ρ+
1

ρ1
[g*σ ]ρ1 + [g**σ ]ρ+

1 ) + [ fy**+
]i
ρ+

1
[g**u ]ρ+

1
δ1

[Σ(1)]δ1

0 = Fσ + Fu+
Σ(1) = fzzσ + fzzu+

Σ(1)

0 = fy0
gσ + fy**+ (g**x g*σ + g**σ ) + fy**+

g**u Σ(1) = (A + B)gσ + fy**+
g**u Σ(1)

(A + B)

gσ = − (A + B)−1(fy**+
g**u Σ(1))

Σ(1) gσ = 0

Recovering gσ
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Certainty Equivalence gσ = 0
when we derived the optimality conditions (aka model equations) agents do take into 
account the effect of future uncertainty when optimizing their objective functions.

BUT: the first-order approximated policy function is independent of the size of the 
stochastic innovations:

future uncertainty does not matter for the decision rules of the agents at first order

certainty equivalence is a result of the first-order perturbation approximation, we can 
break it with e.g. higher-order perturbation approximation

yt = gxy*t−1 + guut
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Second-order Approximation
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second-order Taylor expansion of the -th equation of  around  is 
in tensor notation:

                 

                

i F r̄ = (x̄,0,0,0)

[F(r)]i ≈ [F(r̄)]i + [Fx]
i
α1

[ ̂x]α1 + [Fu]
i
β1

[u]β1 + [Fu+
]i
δ1

[u+]δ1 + [Fσ]iσ

+
1
2 ( [Fxx]

i
α1α2

[ ̂x]α1[ ̂x]α2 + [Fuu]
i
β1β2

[u]β1[u]β2 + [Fu+u+
]i
δ1δ2

[u+]δ1[u+]δ2 + [Fσσ]iσσ )
+

2
2 ( [Fxu]

i
α1β1

[ ̂x]α1[u]β1 + [Fxu+
]i
α1δ1

[ ̂x]α1[u+]δ1 + [Fxσ]i
α1

[ ̂x]α1σ + [Fuu+
]i
β1δ1

[u]β1[u+]δ1 + [Fuσ]i
β1

[u]β1σ + [Fu+σ]i
δ1

[u+]δ1σ )

Second-order Approximation
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taking conditional expectation and setting it to zero yields:

       

       

note that  and  is the  entry of and  denotes the covariance between 
 and 

this equation needs to be satisfied for any value of ,  and 

0 = [F(r̄)]i + [Fx]
i
α1

[ ̂x]α1 + [Fu]
i
β1

[u]β1 + ([Fσ]i + [Fu+
]i
δ1

[Σ(1)]δ1) σ

+
1
2 ( [Fxx]

i
α1α2

[ ̂x]α1[ ̂x]α2 + [Fuu]
i
β1β2

[u]β1[u]β2 + ([Fσσ]i + [Fu+u+
]i
δ1δ2

[Σ(2)]δ1δ2 + 2[Fu+σ]i
δ1

[Σ(1)]δ1) σσ )
+

2
2 ( [Fxu]

i
α1β1

[ ̂x]α1[u]β1 + ([Fxσ]i
α1

+ [Fxu+
]i
α1δ1

[Σ(1)]δ1) [ ̂x]α1σ + ([Fuσ]i
β1

+ [Fuu+
]i
β1δ1

[Σ(1)]δ1) [u]β1σ )
[F(r̄)]i = 0 [Σ(1)]δ1 δ1 Σ(1) = Et{ηt+1} [Σ(2)]δ1δ2

[ηt]δ1
[ηt]δ2

̂x u σ

Second-order Approximation
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necessary and sufficient conditions to recover the second-order partial 
derivatives of  with respect to , , , ,  and :g xx xu xσ uu uσ σσ

Second-order Approximation
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for : 

for : 

for : 

for : 

for : 

for : 

gxx 0 = [Fxx]i
α1α2

guu 0 = [Fuu]i
β1β2

gxu 0 = [Fxu]i
α1β1

gxσ 0 = [Fxσ]i
α1

+ [Fxu+]
i

α1δ1
[Σ(1)]δ1

guσ 0 = [Fuσ]i
β1

+ [Fuu+]
i

β1δ1
[Σ(1)]δ1

gσσ 0 = [Fσσ]i + [Fu+u+]
i

δ1δ2
[Σ(2)]δ1δ2 + 2 [Fu+σ]

i

δ1
[Σ(1)]δ1



Second-order Approximation
Recovering gxx
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Tensors

[wxx]α1α2
=

[g*xx]α1α2

0
0

[Gxx]
ι
α1α2

= [g**w ]ι
ϕ1

[wxx]
ϕ1
α1α2

+ [g**ww]ι
ϕ1ϕ2

[wx]
ϕ1
α1

[wx]
ϕ2
α2

= [g**x ]ι
ρ1

[g*xx]
ρ1
α1α2

+ [g**xx ]ι
ρ1ρ2

[g*x ]ρ1
α1

[g*x ]ρ2
α2

[zxx]α1α2
=

0
[gxx]α1α2

[Gxx]α1α2

0

[Fxx]
i
α1α2

= [ fz]
i
γ1

[zxx]
γ1
α1α2

+ [ fzz]
i
γ1γ2

[zx]
γ1
α1

[zx]
γ2
α2

Recovering gxx
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Matrix

wxx =
g*xx

0
0

Gxx = g**w wxx + g**ww (wx ⊗ wx)
= g**x g*xx + g**xx (g*x ⊗ g*x )

zxx =

0
gxx

Gxx

0

Fxx = fzzxx + fzz (zx ⊗ zx)



Tensor Unfolding yields the corresponding matrix representation:

developing terms, we can simplify this using perturbation matrices  and :

[Fxx]
i
α1α2

= [ fz]
i
γ1

[zxx]
γ1
α1α2

+ [ fzz]
i
γ1γ2

[zx]
γ1
α1

[zx]
γ2
α2

= 0

Fxx = fzzxx + fzz (zx ⊗ zx) = 0

A B

Agxx + Bgxx (g*x ⊗ g*x ) = − fzz (zx ⊗ zx)

Recovering gxx
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this is a Generalized Sylvester Equation for which Dynare uses specialized and 
very efficient algorithms

Agxx + Bgxx (g*x ⊗ g*x ) = − fzz (zx ⊗ zx)

Recovering gxx
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‣  contains only first-order terms

‣ RHS can be computed by evaluating Faà di Bruno's formula for  and  conditional on :

‣ Tensor Unfolding: 

Agxx + Bgxx (g*x ⊗ g*x ) = −fzz (zx ⊗ zx)
RHS = fzz (zx ⊗ zx)

[Fxx]
i
α1α2

[Gxx]
ι
α1α2

[gxx]
i
α1α2

= 0

[Gcond
xx ]ι

α1α2
= [g**x ]ι

ρ1
[g*xx]

ρ1
α1α2

+ [g**xx ]ι
ρ1ρ2

[g*x ]ρ1
α1

[g*x ]ρ2
α2

= 0

[zcond
xx ]α1α2

=

0
[gxx]α1α2

[Gxx]α1α2

0

=

0
0
0
0

[Fcond
xx ]i

α1α2
= [ fz]

i
γ1

[zcond
xx ]γ1

α1α2
+ [ fzz]

i
γ1γ2

[zx]
γ1
α1

[zx]
γ2
α2

= [ fzz]
i
γ1γ2

[zx]
γ1
α1

[zx]
γ2
α2

Fcond
xx = fzz (zx ⊗ zx)

Recovering gxx
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Second-order Approximation
Recovering guu
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Tensors

[wuu]β1β2
=

[g*uu]β1β2

0
0

[Guu]
ι
β1β2

= [g**w ]ι
ϕ1

[wuu]
ϕ1
β1β2

+ [g**ww]ι
ϕ1ϕ2

[wu]
ϕ1
β1

[wu]
ϕ2
β2

= [g**x ]ι
ρ1

[g*uu]
ρ1
β1β2

+ [g**xx ]ι
ρ1ρ2

[g*u ]ρ1
β1

[g*u ]ρ2
β2

[zuu]β1β2
=

0
[guu]β1β2

[Guu]β1β2

0

[Fuu]
i
β1β2

= [ fz]
i
γ1

[zuu]
γ1
β1β2

+ [ fzz]
i
γ1γ2

[zu]
γ1
β1

[zu]
γ2
β2

Recovering guu
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Matrix

wuu =
g*uu

0
0

Guu = g**w wuu + g**ww (wu ⊗ wu)
= g**x g*uu + g**xx (g*u ⊗ g*u )

zuu =

0
guu

Guu

0

Fuu = fzzuu + fzz (zu ⊗ zu)



Tensor Unfolding yields the corresponding matrix representation:

developing terms, we can simplify this using perturbation matrix :

[Fuu]
i
β1β2

= [ fz]
i
γ1

[zuu]
γ1
β1β2

+ [ fzz]
i
γ1γ2

[zu]
γ1
β1

[zu]
γ2
β2

= 0

Fuu = fzzuu + fzz (zu ⊗ zu) = 0

A

Aguu = − ( fy**+
g**xx (g*u ⊗ g*u ) + fzz (zu ⊗ zu) )

Recovering guu
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‣ note that the right-hand side contains only objects that are already 
available from the first-order approximation and previously computed 

‣ taking the inverse of  yields 

Aguu = − ( fy**+
g**xx (g*u ⊗ g*u ) + fzz (zu ⊗ zu) )

gxx

A guu

Recovering guu
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‣  can be computed by evaluating Faà di Bruno's formula for  and  
conditional on :

‣ Tensor Unfolding: 

Aguu = −( fy**+
g**xx (g*u ⊗ g*u ) + fzz (zu ⊗ zu) )

RHS = fy**+
g**xx (g*u ⊗ g*u ) + fzz (zu ⊗ zu) [Fuu]

i
β1β2

[Guu]
ι
β1β2

[guu]
i
β1β2

= 0

[Gcond
uu ]ι

β1β2
= [g**x ]ι

ρ1
[g*uu]

ρ1
β1β2

+ [g**xx ]ι
ρ1ρ2

[g*u ]ρ1
β1

[g*u ]ρ2
β2

= [g**xx ]ι
ρ1ρ2

[g*u ]ρ1
β1

[g*u ]ρ2
β2

[zcond
uu ]β1β2

=

0
[guu]β1β2

[Guu]β1β2

0

=

0
0

[Gcond
uu ]β1β2

0

[Fcond
uu ]i

β1β2
= [ fz]

i
γ1

[zcond
uu ]γ1

β1β2
+ [ fzz]

i
γ1γ2

[zu]
γ1
β1

[zu]
γ2
β2

= [ fy**+
]i
ρ+

1
[g**xx ]ρ+

1
ρ1ρ2

[g*u ]ρ1
β1

[g*u ]ρ2
β2

+ [ fzz]
i
γ1γ2

[zu]
γ1
β1

[zu]
γ2
β2

Fcond
uu = fy**+

g**xx (g*u ⊗ g*u ) + fzz (zu ⊗ zu)

Recovering guu
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Second-order Approximation
Recovering gxu
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Tensors

[wxu]α1β1
=

[g*xu]α1β1

0
0

[Gxu]
ι
α1β1

= [g**w ]ι
ϕ1

[wxu]
ϕ1
α1β1

+ [g**ww]ι
ϕ1ϕ2

[wx]
ϕ1
α1

[wu]
ϕ2
β1

= [g**x ]ι
ρ1

[g*xu]
ρ1
α1β1

+ [g**xx ]ι
ρ1ρ2

[g*x ]ρ1
α1

[g*u ]ρ2
β1

[zxu]α1β1
=

0
[gxu]α1β1

[Gxu]α1β1

0

[Fxu]
i
α1β1

= [ fz]
i
γ1

[zxu]
γ1
α1β1

+ [ fzz]
i
γ1γ2

[zx]
γ1
α1

[zu]
γ2
β1

Recovering gxu

98

Matrix

wxu =
g*xu

0
0

Gxu = g**w wxu + g**ww (wx ⊗ wu)
= g**x g*xu + g**xx (g*x ⊗ g*u )

zxu =

0
gxu

Gxu

0

Fxu = fzzxu + fzz (zx ⊗ zu)



Tensor Unfolding yields the corresponding matrix representation:

developing terms, we can simplify this using perturbation matrix :

[Fxu]
i
α1β1

= [ fz]
i
γ1

[zxu]
γ1
α1β1

+ [ fzz]
i
γ1γ2

[zx]
γ1
α1

[zu]
γ2
β1

= 0

Fxu = fzzxu + fzz (zx ⊗ zu) = 0

A

Agxu = − ( fy**+
g**xx (g*x ⊗ g*u ) + fzz (zx ⊗ zu) )

Recovering gxu

99



‣ note that the right-hand side contains only objects that are already 
available from the first-order approximation and previously computed 

‣ taking the inverse of  yields 

Agxu = − ( fy**+
g**xx (g*x ⊗ g*u ) + fzz (zx ⊗ zu) )

gxx

A gxu

Recovering gxu
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‣  can be computed by evaluating Faà di Bruno's formula for  and  
conditional on :

‣ Tensor Unfolding: 

Agxu = −( fy**+
g**xx (g*x ⊗ g*u ) + fzz (zx ⊗ zu) )

RHS = fy**+
g**xx (g*x ⊗ g*u ) + fzz (zx ⊗ zu) [Fxu]

i
α1β1

[Gxu]
ι
α1β1

[gxu]
i
α1β1

= 0

[Gcond
xu ]ι

α1β1
= [g**x ]ι

ρ1
[g*xu]

ρ1
α1β1

+ [g**xx ]ι
ρ1ρ2

[g*x ]ρ1
α1

[g*u ]ρ2
β1

= [g**xx ]ι
ρ1ρ2

[g*x ]ρ1
α1

[g*u ]ρ2
β1

[zcond
xu ]α1β1

=

0
[gxu]α1β1

[Gxu]α1β1

0

=

0
0

[Gcond
xu ]α1β1

0

[Fcond
xu ]i

α1β1
= [ fz]

i
γ1

[zcond
xu ]γ1

α1β1
+ [ fzz]

i
γ1γ2

[zx]
γ1
α1

[zu]
γ2
β1

= [ fy**+
]i
ρ+

1
[g**xx ]ρ+

1
ρ1ρ2

[g*x ]ρ1
α1

[g*u ]ρ2
β1

+ [ fzz]
i
γ1γ2

[zx]
γ1
α1

[zu]
γ2
β1

Fcond
xu = fy**+

g**xx (g*x ⊗ g*u ) + fzz (zx ⊗ zu)

Recovering gxu
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Second-order Approximation
Recovering gxσ
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Tensors

, 

, 

[wxu+
]
α1δ1

= [
0
0
0] [wxσ]α1

=
[g*xσ]α1

0
0

[Gxu+
]ι
α1δ1

= [g**w ]ι
ϕ1

[wxu+
]ϕ1
α1δ1

+ [g**ww]ι
ϕ1ϕ2

[wx]
ϕ1
α1

[wu+
]ϕ2
δ1

= [g**xu ]ι
ρ1ψ1

[g*x ]ρ1
α1

[Iu]
ψ1
δ1

[Gxσ]ι
α1

= [g**w ]ι
ϕ1

[wxσ]ϕ1
α1

+ [g**ww]ι
ϕ1ϕ2

[wx]
ϕ1
α1

[wσ]ϕ2

= [g**x ]ι
ρ1

[g*xσ]ρ1
α1

+ [g**xx ]ι
ρ1ρ2

[g*x ]ρ1
α1

[g*σ ]ρ2 + [g**xσ ]ι
ρ1

[g*x ]ρ1
α1

[zxu+
]
α1δ1

=

0
0

[Gxu+
]
α1δ1

0

[zxσ]α1
=

0
[gxσ]α1

[Gxσ]α1

0

[Fxu+
]i
α1δ1

= [ fz]
i
γ1

[zxu+
]γ1
α1δ1

+ [ fzz]
i
γ1γ2

[zx]
γ1
α1

[zu+
]γ2
δ1

[Fxσ]i
α1

= [ fz]
i
γ1

[zxσ]γ1
α1

+ [ fzz]
i
γ1γ2

[zx]
γ1
α1

[zσ]γ2

Recovering gxσ
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Matrix

, 

, 

wxu+
= (

0
0
0) wxσ =

g*xσ

0
0

Gxu+
= g**w wxu+

+ g**ww (wx ⊗ wu+)
= g**xu (g*x ⊗ Iu)

Gxσ = g**w wxσ + g**ww (wx ⊗ wσ)
= g**x g*xσ + g**xx (g*x ⊗ g*σ ) + g**xσ g*x

zxu+
=

0
0

Gxu+

0

zxσ =

0
gxσ

Gxσ

0

Fxu+
= fzzxu+

+ fzz (zx ⊗ zu+)
Fxσ = fzzxσ + fzz (zx ⊗ zσ)



Tensor Unfolding yields the corresponding matrix representation:

developing terms, we can simplify this using perturbation matrices  and :

[Fxσ]i
α1

+ [Fxu+]
i

α1δ1
[Σ(1)]δ1

=:[D101]
i
α1

= [ fz]
i
γ1

[zxσ]γ1
α1

+ [ fzz]
i
γ1γ2

[zx]
γ1
α1

[zσ]γ2 + [D101]
i
α1

= 0

Fxσ + Fxu+ (Ix ⊗ Σ(1))
=:D101

= fzzxσ + fzz (zx ⊗ zσ) + D101 = 0

A B

Agxσ + Bgxσg*x = − ( fy**+
g**xx (g*x ⊗ g*σ ) + fzz (zx ⊗ zσ) + D101 )

Recovering gxσ
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‣ this is a Generalized Sylvester Equation

‣ note that the right-hand side contains only objects that are already available from previously 
computed terms

• but due to certainty equivalence: , 

•  because 

‣ therefore: 

‣ a second-order approximation does not imply a correction for uncertainty in terms which are linear in 
the state vector

Agxσ + Bgxσg*x = − ( fy**+
g**xx (g*x ⊗ g*σ ) + fzz (zx ⊗ zσ) + D101 )

g*σ = 0 zσ = 0

D101 = 0 Σ(1) = 0

gxσ = 0

Recovering gxσ
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‣  can be computed by evaluating Faà di Bruno's formula for  and conditional on :

‣ Tensor Unfolding: 

‣  can be computed by evaluating Faà di Bruno's formula for  and  directly as all terms are 

available

Agxσ + Bgxσg*x = −( fy**+
g**xx (g*x ⊗ g*σ ) + fzz (zx ⊗ zσ)+D101 )

fy**+
g**xx (g*x ⊗ g*σ ) + fzz (zx ⊗ zσ) [Fxσ]i

α1
[Gxσ]ι

α1
[gxσ]i

α1
= 0

[Gcond
xσ ]ι

α1
= [g**x ]ι

ρ1
[g*xσ]ρ1

α1
+ [g**xx ]ι

ρ1ρ2
[g*x ]ρ1

α1
[g*σ ]ρ2 + [g**xσ ]ι

ρ1
[g*x ]ρ1

α1
= [g**xx ]ι

ρ1ρ2
[g*x ]ρ1

α1
[g*σ ]ρ2

[zcond
xσ ]α1

=

0
[gxσ]α1

[Gxσ]α1

0

=

0
0

[Gxσ]α1

0

[Fcond
xσ ]i

α1
= [ fz]

i
γ1

[zcond
xσ ]γ1

α1
+ [ fzz]

i
γ1γ2

[zx]
γ1
α1

[zσ]γ2 = [ fy**+
]i
ρ+

1
[g**xx ]ρ+

1
ρ1ρ2

[g*x ]ρ1
α1

[g*σ ]ρ2 + [ fzz]
i
γ1γ2

[zx]
γ1
α1

[zσ]γ2

Fcond
xσ = fy**+

g**xx (g*x ⊗ g*σ ) + fzz (zx ⊗ zσ)
D101 = Fxu+ (Ix ⊗ Σ(1)) [Fxu+

]i
α1δ1

[Gxu+
]ι
α1δ1

Recovering gxσ
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Second-order Approximation
Recovering guσ
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Tensors

, 

, 

[wuu+
]
β1δ1

= [
0
0
0] [wuσ]β1

=
[g*uσ]β1

0
0

[Guu+
]ι
β1δ1

= [g**w ]ι
ϕ1

[wuu+
]ϕ1
β1δ1

+ [g**ww]ι
ϕ1ϕ2

[wu]
ϕ1
β1

[wu+
]ϕ2
δ1

= [g**xu ]ι
ρ1ψ1

[g*u ]ρ1
β1

[Iu]
ψ1
δ1

[Guσ]ι
β1

= [g**w ]ι
ϕ1

[wuσ]ϕ1
β1

+ [g**ww]ι
ϕ1ϕ2

[wu]
ϕ1
β1

[wσ]ϕ2

= [g**x ]ι
ρ1

[g*uσ]ρ1
β1

+ [g**xx ]ι
ρ1ρ2

[g*u ]ρ1
β1

[g*σ ]ρ2 + [g**xσ ]ι
ρ1

[g*u ]ρ1
β1

[zuu+
]
β1δ1

=

0
0

[Guu+
]
β1δ1

0

[zuσ]β1
=

0
[guσ]β1

[Guσ]β1

0

[Fuu+
]i
β1δ1

= [ fz]
i
γ1

[zuu+
]γ1
β1δ1

+ [ fzz]
i
γ1γ2

[zu]
γ1
β1

[zu+
]γ2
δ1

[Fuσ]i
β1

= [ fz]
i
γ1

[zuσ]γ1
β1

+ [ fzz]
i
γ1γ2

[zu]
γ1
β1

[zσ]γ2

Recovering guσ
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Matrix

, 

, 

wuu+
= (

0
0
0) wuσ =

g*uσ

0
0

Guu+
= g**w wuu+

+ g**ww (wu ⊗ wu+)
= g**xu (g*u ⊗ Iu)

Guσ = g**w wuσ + g**ww (wu ⊗ wσ)
= g**x g*uσ + g**xx (g*u ⊗ g*σ ) + g**xσ g*u

zuu+
=

0
0

Guu+

0

zuσ =

0
guσ

Guσ

0

Fuu+
= fzzuu+

+ fzz (zu ⊗ zu+)
Fuσ = fzzuσ + fzz (zu ⊗ zσ)



Tensor Unfolding yields the corresponding matrix representation:

developing terms, we can simplify this using perturbation matrix :

[Fuσ]i
β1

+ [Fuu+]
i

β1δ1
[Σ(1)]δ1

=:[D011]
i
β1

= [ fz]
i
γ1

[zuσ]γ1
β1

+ [ fzz]
i
γ1γ2

[zu]
γ1
β1

[zσ]γ2 + [D011]
i
β1

= 0

Fuσ + Fuu+ (Iu ⊗ Σ(1))
=:D011

= fzzuσ + fzz (zu ⊗ zσ) + D011 = 0

A

Aguσ = − ( fy**+ (g**xx (g*u ⊗ g*σ ) + g**xσ g*u ) + fzz (zu ⊗ zσ) + D011 )

Recovering guσ
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‣ taking the inverse of A gives us 

‣ note that the right-hand side contains only objects that are already available from 
previously computed terms

‣ but due to certainty equivalence and  we get

‣ second-order approximation does not imply a correction for uncertainty in terms which 
are linear in the innovations vector

Aguσ = − ( fy**+ (g**xx (g*u ⊗ g*σ ) + g**xσ g*u ) + fzz (zu ⊗ zσ) + D011 )
guσ

Σ(1) = 0

guσ = 0

Recovering guσ
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‣  can be computed by evaluating Faà di Bruno's formula for  and  conditional on 
:

‣ Tensor Unfolding: 

‣  can be computed by evaluating Faà di Bruno's formula for  and  directly as all terms are available

Aguσ = − ( fy**+ (g**xx (g*u ⊗ g*σ ) + g**xσ g*u ) + fzz (zu ⊗ zσ)+D011 )
fy**+ (g**xx (g*u ⊗ g*σ ) + g**xσ g*u ) + fzz (zu ⊗ zσ) [Fuσ]i

β1
[Guσ]ι

β1

[guσ]i
β1

= 0

[Gcond
uσ ]ι

β1
= [g**x ]ι

ρ1
[g*uσ]ρ1

β1
+ [g**xx ]ι

ρ1ρ2
[g*u ]ρ1

β1
[g*σ ]ρ2 + [g**xσ ]ι

ρ1
[g*u ]ρ1

β1
= [g**xx ]ι

ρ1ρ2
[g*u ]ρ1

β1
[g*σ ]ρ2 + [g**xσ ]ι

ρ1
[g*u ]ρ1

β1

[zcond
uσ ]β1

=

0
[guσ]β1

[Guσ]β1

0

=

0
0

[Gcond
uσ ]β1

0

[Fcond
uσ ]i

β1
= [ fz]

i
γ1

[zcond
uσ ]γ1

β1
+ [ fzz]

i
γ1γ2

[zu]
γ1
β1

[zσ]γ2 = [ fy**+
]i
ρ+

1
([g**xx ]ι

ρ1ρ2
[g*u ]ρ1

β1
[g*σ ]ρ2 + [g**xσ ]ι

ρ1
[g*u ]ρ1

β1) + [ fzz]
i
γ1γ2

[zu]
γ1
β1

[zσ]γ2

Fcond
uσ = fy**+ (g**xx (g*u ⊗ g*σ ) + g**xσ g*u ) + fzz (zu ⊗ zσ)

D011 = Fuu+ (Iu ⊗ Σ(1)) [Fuu+
]i
β1δ1

[Guu+
]ι
β1δ1

Recovering guσ
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Second-order Approximation
Recovering gσσ
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Tensors

, , [wσσ] =
[g*σσ]

0
0

[wu+σ]
δ1

= [
0
0
0] [wu+u+

]
δ1δ2

= [
0
0
0]

[Gσσ]ι = [g**w ]ι
ϕ1

[wσσ]ϕ1 + [g**ww]ι
ϕ1ϕ2

[wσ]ϕ1[wσ]ϕ2

= [g**x ]ι
ρ1

[g*σσ]ρ1 + [g**xx ]ι
ρ1ρ2

[g*σ ]ρ1[g*σ ]ρ2 + [g**xσ ]ι
ρ1

[g*σ ]ρ1 + [g**xσ ]ι
ρ1

[g*σ ]ρ1 + [g**σσ ]ι

[Gu+σ]ι
δ1

= [g**w ]ι
ϕ1

[wu+σ]ϕ1
δ1

+ [g**ww]ι
ϕ1ϕ2

[wu+
]ϕ1
δ1

[wσ]ϕ2

= [g**xu ]ι
ρ1ψ1

[g*σ ]ρ1[Iu]
ψ1
δ1

+ [g**uσ ]ι
ψ1

[Iu]
ψ1
δ1

[Gu+u+
]ι
δ1δ2

= [g**w ]ι
ϕ1

[wu+u+
]ϕ1
δ1δ2

+ [g**ww]ι
ϕ1ϕ2

[wu+
]ϕ1
δ1

[wu+
]ϕ2
δ2

= [g**uu ]ι
ψ1ψ2

[Iu]
ψ1
δ1

[Iu]
ψ2
δ2

Recovering gσσ
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Matrix

, , wσσ =
g*σσ

0
0

wu+σ = (
0
0
0) wu+u+

= (
0
0
0)

Gσσ = g**w wσσ + g**ww (wσ ⊗ wσ)
= g**x g*σσ + g**xx (g*σ ⊗ g*σ ) + g**xσ g*σ + g**xσ g*σ + g**σσ

Gu+σ = g**w wu+σ + g**ww (wu+
⊗ wσ)

= g**xu (g*σ ⊗ Iu) + g**uσ

Gu+u+
= g**w wu+u+

+ g**ww (wu+
⊗ wu+)

= g**uu (Iu ⊗ Iu)



Tensors

, ,[zσσ] =

0
[gσσ]
[Gσσ]

0

[zu+σ]
δ1

=

0
0

[Gu+σ]
δ1

0

[zu+u+
]
δ1δ2

=

0
0

[Gu+u+
]
δ1δ2

0

[Fσσ]i = [ fz]
i
γ1

[zσσ]γ1 + [ fzz]
i
γ1γ2

[zσ]γ1[zσ]γ2

[Fu+σ]i
δ1

= [ fz]
i
γ1

[zu+σ]γ1
δ1

+ [ fzz]
i
γ1γ2

[zu+
]γ1
δ1

[zσ]γ2

[Fu+u+
]i
δ1δ2

= [ fz]
i
γ1

[zu+u+
]γ1
δ1δ2

+ [ fzz]
i
γ1γ2

[zu+
]γ1
δ1

[zu+
]γ2
δ2

Recovering gσσ
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Matrix

, , zσσ =

0
gσσ

Gσσ

0

zu+σ =

0
0

Gu+σ

0

zu+u+
=

0
0

Gu+u+

0

Fσσ = fzzσσ + fzz (zσ ⊗ zσ)

Fu+σ = fzzu+σ + fzz (zu+
⊗ zσ)

Fu+u+
= fzzu+u+

+ fzz (zu+
⊗ zu+)



Tensor Unfolding yields the corresponding matrix representation:

developing terms, we can simplify this using perturbation matrices  and :

[Fσσ]i + [Fu+u+
]i
δ1δ2

[Σ(2)]δ1δ2

[D002]i

+ 2[Fu+σ]i
δ1

[Σ(1)]δ1

[E002]i

= [ fz]
i
γ1

[zσσ]γ1 + [ fzz]
i
γ1γ2

[zσ]γ1[zσ]γ2 + [D002]
i + [E002]

i = 0

Fσσ + Fu+u+
Σ(2)

D002

+ 2Fu+σΣ(1)

E002

= fzzσσ + fzz (zσ ⊗ zσ) + D002 + E002 = 0

A B

(A + B)gσσ = − ( fy**+ (g**xx (g*σ ⊗ g*σ ) + 2g**xσ g*σ ) + fzz (zσ ⊗ zσ) + D002 + E002 )

Recovering gσσ
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‣ note that the right-hand side contains only objects that are already available from 
previously computed terms

‣ due to certainty equivalence, , and previously computed terms this simplifies to

‣ taking the inverse of  gives us 

‣ as  is nonzero, a second-order approximation adds a level correction for uncertainty to 
the approximated decision rule of agents (this breaks with certainty equivalence!)

(A + B)gσσ = − ( fy**+ (g**xx (g*σ ⊗ g*σ ) + 2g**xσ g*σ ) + fzz (zσ ⊗ zσ) + D002 + E002 )

Σ(1) = 0

(A + B)gσσ = − ( fy**+
g**uu + fy**+ y**+ (g**u ⊗ g**u ) ) Σ(2)

(A + B) gσσ

gσσ

Recovering gσσ
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‣  can be computed by evaluating Faà di Bruno's formula for  and  conditional on 
:

‣ Tensor Unfolding: 

‣  and  can be computed by evaluating Faà di Bruno's formula for  and  directly as all 

terms are available

(A + B)gσσ = − ( fy**+ (g**xx (g*σ ⊗ g*σ ) + 2g**xσ g*σ ) + fzz (zσ ⊗ zσ) + D002 + E002 )
fy**+ (g**xx (g*σ ⊗ g*σ ) + 2g**xσ g*σ ) + fzz (zσ ⊗ zσ) [Fσσ]i [Gσσ]ι

[gσσ]i = 0

[Gcond
σσ ]ι = [g**x ]ι

ρ1
[g*σσ]ρ1 + [g**xx ]ι

ρ1ρ2
[g*σ ]ρ1[g*σ ]ρ2 + 2[g**xσ ]ι

ρ1
[g*σ ]ρ1 + [g**σσ ]ι = [g**xx ]ι

ρ1ρ2
[g*σ ]ρ1[g*σ ]ρ2 + 2[g**xσ ]ι

ρ1
[g*σ ]ρ1

[zcond
σσ ] =

0
[gσσ]
[Gσσ]

0

=

0
0

[Gcond
σσ ]
0

[Fcond
σσ ]i = [ fz]

i
γ1

[zcond
σσ ]γ1 + [ fzz]

i
γ1γ2

[zσ]γ1[zσ]γ2 = [ fy**+
]i
ρ+

1
([g**xx ]ι

ρ1ρ2
[g*σ ]ρ1[g*σ ]ρ2 + 2[g**xσ ]ι

ρ1
[g*σ ]ρ1) + [ fzz]

i
γ1γ2

[zσ]γ1[zσ]γ2

Fcond
σσ = fy**+ (g**xx (g*σ ⊗ g*σ ) + 2g**xσ g*σ ) + fzz (zσ ⊗ zσ)

D002 = Fu+u+
Σ(2) E002 = 2Fu+σΣ(1) [Fuu+

]i
β1δ1

[Guu+
]ι
β1δ1

Recovering gσσ
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Third-order Approximation
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Necessary and sufficient conditions to recover the third-order partial derivatives 
of  with respect to , , , , , , , , , and :g xxx xxu xxσ xuu xuσ xσσ uuu uuσ uσσ σσσ

Third-order Approximation
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[gxxx] : 0 = [Fxxx]
i
α1α2α3

[guuu] : 0 = [Fuuu]
i
β1β2β3

[gxuu] : 0 = [Fxuu]
i
α1β1β2

[gxxu] : 0 = [Fxxu]
i
α1α2β1

[gxxσ] : 0 = [Fxxσ]i
α1α2

+ [Fxxu+
]i
α1α2δ1

[Σ(1)]δ1

 

 

 

 

 

[gxuσ] : 0 = [Fxuσ]i
α1β1

+ [Fxuu+
]i
α1β1δ1

[Σ(1)]δ1

[gxσσ] : 0 = [Fxσσ]i
α1

+ [Fxu+u+
]i
α1δ1δ2

[Σ(2)]δ1δ2 + 2[Fxu+σ]i
α1δ1

[Σ(1)]δ1

[guuσ] : 0 = [Fuuσ]i
β1β2

+ [Fuuu+
]i
β1β2δ1

[Σ(1)]δ1

[guσσ] : 0 = [Fuσσ]i
β1

+ [Fuu+u+
]i
β1δ1δ2

[Σ(2)]δ1δ2 + 2[Fuu+σ]i
β1δ1

[Σ(1)]δ1

[gσσσ] : 0 = [Fσσσ]i + [Fu+u+u+
]i
δ1δ2δ3

[Σ(3)]δ1δ2δ3 + 3[Fu+u+σ]i
δ1δ2

[Σ(2)]δ1δ2 + 3[Fu+σσ]i
δ1

[Σ(1)]δ1



Agxxx + Bgxxx (g*x ⊗ g*x ⊗ g*x ) = − Fcond
xxx

Aguuu = − Fcond
uuu

Agxuu = − Fcond
xuu

Agxxu = − Fcond
xuu

Agxσσ + Bgxσσg*x = − Fcond
xσσ − D102 − E102

Agxuσ = − Fcond
xuσ − D111

Agxσσ + Bgxσσg*x = − Fcond
xσσ − D102 − E102

Aguuσ = − Fcond
uuσ − D021

(A + B)gσσσ = − Fcond
σσσ − D003 − E003

Third-order Approximation
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, ,  
no correction for uncertainty in terms which are quadratic in  and 

,  
correction for uncertainty in terms which are linear in  and 

 
correction only iff third moments  (not in Dynare)

gxxσ = 0 guuσ = 0 gxuσ = 0
x u

gxσσ ≠ 0 guσσ ≠ 0
x u

gσσσ ≠ 0
Σ(3) ≠ 0

Third-order approximation
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k-order Approximation
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k-order Approximation
 for 

 for  and 

 for 

 for 

 for 

0 = [Fxi]i
αi

gxi

0 = [Fxiuj]i
αiβj

gxiuj j > 0

0 = [Fxiσj]i
αi

+ [Dij] + [Eij] gxiσj

0 = [Fxiujσk]i
αiβj

+ [Dijk] + [Eijk] gxiujσk

0 = [Fσi]i + [Di] + [Ei] gσi
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 [Dijk]αiβj
= [Fxiujuk

+
]αiβjδk

[Σ(k)]δk

[Eijk]αiβj
=

k−1

∑
m=1

( k
m)[Fxiujum

+σk−m]αiβjδm
[Σ(m)]δm



Order of Computation
recover 

for j=1:1:(k-1)

        for i=(j-1):-1:1

            recover 

        end

        recover 

end

for i=(k-1):-1:1

        recover 

end

recover 

gxk

gxk−juiσ j−i

gxk−jσ j

guiσk−i

gσk
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Computational Remarks (as of Dynare 5.1)

‣ order=2, we use unfolded matrix equations and optimized mex code

‣ order>2, we use multi-threaded and multidimensional tensor library implemented 
in C++

• allows for folded/unfolded, dense/sparse tensor representations

• implements Faà di Bruno's formula very efficiently

• updates conditional Faa Di Bruno's formulas efficiently

‣ might change in future version to make use of more optimized code and/or Fortran 
re-implementation
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